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Abstract—This paper illustrates a fast and effective 

method for airfoil optimization at low Reynolds number. 

Low Reynolds number airfoils are known by presence of a 

laminar separation bubble LSB that increases drag and 

decreases lift. Inviscid-viscous interaction method is used to 

design airfoils based on LSB control approach such that 

drag is minimized while lift is maintained.  A laminar 

separation bubble model is used to predict the bubble 

location and airfoil lift and drag coefficients through 

successive calculation of boundary layer momentum 

thickness. Genetic search optimization is used to call the 

aerodynamic code, CST airfoil parametric representation 

function and the objective function. Results from a 

constrained single point optimization at Reynolds number of 

𝟑 × 𝟏𝟎𝟓  show that this approach is very efficient. Although, 

the design was performed at single angle of attack, it results 

in improvement in the entire drag polar. 

Keywords—Airfoil design, airfoil optimization, Separation 

bubble, objective function, low Reynolds number  

1. INTRODUCTION 

Low Reynolds number airfoils are key elements in many 

important engineering applications. Unmanned Arial 

Vehicles, wind turbines, and quadrotors are growing 

application fields of low Reynolds number airfoils. It is 

now general practice to design efficient airfoils for 

specific application [1]. 

Aerodynamic design is historically classified into two 

classes of problems. These classifications are the direct 

and inverse airfoil design problems. Direct airfoil design 

problem means finding performance parameters for given 

airfoil at given flow conditions, while the inverse design 

problem deals with finding airfoil shape that has pre-

specified performance, usually velocity or pressure 

distribution. Optimization can be applied to both forms of 

the design problems. If the problem is set as direct 

optimization, the airfoil shape is changed until the 

required fitness function is satisfied. For the inverse 

optimization problem, the airfoil target performance is 

pre-specified and the optimization methods searches for 

the corresponding airfoil shape. Although, an initial 

design point (shape) is required, the design should 

converge to the optimum shape regardless of the initial 

shape. This is usually checked by repeating the 

optimization process with different initial shapes. 

Airfoil optimization in low Reynolds number regime 

where laminar flow covers large portion of airfoil 

surfaces, depends primarily on the prediction of 

transition. Transition devices and trips are usually used to 

fix transition at single point. But, from aerodynamic point 

of view, since transition point varies with speed and angle 

of attack it is more efficient to design by laminar 

separation bubble control approach. Furthermore, such 

devices may not be practical when the wing surface is 

made of delicate materials such as foam, which are used 

in many UAV designs. It is obvious that laminar 

separation bubble control approach requires an 

aerodynamic code that can predict separation bubble 

effects on pressure distribution and computes the 

variation of aerodynamic performance due to 

perturbations in airfoil geometry. 
In predicting aerodynamic characteristics at high 

Reynolds numbers there exists a sophisticated 
Computational Fluid Dynamics (CFD) based flow solvers 
that uses Direct Numerical simulation (DNS), Large Eddy 
Simulation (LES), and Reynolds's Averaged Navier 
Stocks equations (RANS). At low Reynolds number airfoil 
design however, these codes are not preferable due to two 
reasons. Firstly, the domination of separation and 
transition phenomena at low Reynolds number flows 
which is not suitably solved by classical turbulence 
models. Secondly, CFD based codes which can capture 
these physical phenomena requires high computational 
cost. Therefore, inviscid viscous interaction solvers are 
more suitable for airfoil design and trade off studies and 
optimization [ 5, 6 ,7] 

In this work, airfoil shape optimization process based 
on Genetic search algorithms GA is used, that 
systematically changes the coefficients of a CST 
parametric airfoil representation function [4][5]. An 
aerodynamic code, based on inviscid-viscos interaction 
method, is then called to calculate the lift, drag and 
pitching moment coefficients for a given angle of attack 
and Reynolds number. The aerodynamic coefficients of 
each candidate airfoil are assessed by the objective 
function which is based on weighted sum method. A 
penalty function is implemented to enforce constraints if 
they are violated. This optimization methodology can be 
applied to direct and inverse design problems. 
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2. AIRFOIL AERODYNAMICS AT LOW REYNOLDS NUMBERS 

Carmichael [8] has presented a classification of flow 
over low Reynolds number airfoils. He pointed out that, 
the main difficulty in low Reynolds number flow is 
laminar flow separations. In high Reynolds number, 
typically exceeding,106  laminar flow extends for short 
percent of chord length, soon after that flow transition to 
turbulent occur mostly during favorable pressure gradient, 
before theoretical laminar separation point. 

When airfoils operate at low Reynolds number, 
however, laminar boundary layer separation from the 
airfoil surface is highly possible. When flow separates 
from the surface of the airfoil it may reattach again after 
some distance downstream creating a region of stagnant 
air called laminar separation bubble [9, 10, 11]. Airfoils 
designed for high Reynolds numbers are not efficient at 
low Reynolds numbers due to the presence of LSB that 
causes dramatic change in pressure distribution around the 
bubble location. Therefore, airfoils without or with weak 
LSB is much efficient at low Reynolds numbers. It is now 
a practice to design more efficient airfoils for specific 
application or optimize an existing airfoil for extended 
operating range. 

The inviscid viscous interaction solvers are most suitable 

for studies that require repeated calculations. In practice, 

two programs are in use. Eppler code [12][12] and XFOIL 

[13]. The two codes use for analysis and design of airfoils 

potential flow solvers and a boundary layer solution 

method.  

In this paper an Aerodynamic code is used which is 

validated in [13][14] that uses Karman-Trefftz conformal 

mapping. Karman-Trefftz calculation procedure starts 

with mapping a given airfoil shape into a true circle in 

three subsequent transformations, then multiplication of 

derivatives of these transformations with velocity 

distribution around a circle. The value of the circulation is 

fixed by applying Kutta condition at trailing edge image 

of the true circle. The resulting inviscid velocity 

distribution at a specified angle of attack is used to derive 

the boundary layer solution. 

The boundary layer integral solution enables the 

evaluation of lift viscous corrections, total drag, and 

laminar separation bubble location. The calculation 

procedure is repeated by adding boundary layer 

momentum thickness to the airfoil sides, until the change 

in airfoil shape is negligibly small. This requires only few 

iterations, making this approach very efficient for airfoil 

design by systematic airfoil shape perturbation. 

2.1. Transition 

 

Two transition criteria are implemented. When natural 

transition happens first on the airfoil surface Eppler 

modified transition criterion [15] is applied to predict 

point of natural transition. It depends on local values of 

shape factor 𝐻32, which represent velocity profile shape, 

local Reynolds number based on boundary layer 

momentum thickness 𝛿2 , and on roughness factor  𝑟 . 

Transition is assumed to occur if this criterion is satisfied: 

𝑙𝑛ℜ𝛿2 ≥ 18.4𝐻32 − 21.74 + 125(𝐻32 − 1.573)2

− 0.36𝑟 

This criterion is used in the past to design airfoils for 

various applications. However, when laminar separation 

occurs before natural transition, it is assumed that, 

transition occur inside the bubble and the conditions at 

transition is calculated using Drela 𝑒𝑛 transition criterion 

[13] which constitutes an important part of laminar 

separation bubble effort.  

𝑒𝑛  method is a semi-empirical transition prediction 

approach. Using this method one can distinguish between 

leading edge and med-chord bubbles and also model the 

effect of pressure distribution variations upstream of the 

bubble location. 

The logarithm of the ratio of disturbance amplitude at 

station 𝑠 to its amplitude at natural stability 𝑠0is defined 

as factor n(s), where s is the chord station.  In this 

manner, transition is assumed to occur if the ratio 𝑛 

reaches a predefined critical value  𝑛𝑐𝑟 . This value is 

observed experimentally to be in the range from 9 at low 

turbulence wind tunnels up 14 at some flight test. It is 

also Reynolds number dependent. An approximate 𝑒𝑛 

method developed by Drela [1986] is used in this work 

within the LSB model. The amplification factor n(s) 

derived by Drela is given by  

𝑛(𝑠) = ∫ [
𝑑𝑛

𝑑𝑅𝛿2

(𝐻12)]
𝑠

𝑠0

𝑚(𝐻12) + 1

2

𝑙(𝐻12)

𝛿2(𝑠)
𝑑𝑠 

Where: 

[
𝑑𝑛

𝑑𝑅𝛿2

(𝐻12)] = 0.01 [{2.4𝐻12 − 3.7

+ 2.5𝑡𝑎𝑛ℎ(1.5(𝐻12 − 3.1))}
2

+ 0.25]

1
2
 

  𝑙(𝐻12) =
6.54𝐻12 − 14.07

𝐻12
2    

 𝑚(𝐻12) =
0.058(𝐻12 − 4)2

(𝐻12 − 1) − 0.068

1

𝑙
   

and 𝑠0 is the location at which 𝑅𝛿2 = 𝑅𝛿20  which is 

defined with the following function  

𝑙𝑜𝑔10[𝑅𝛿20(𝐻12)] = [
1.415

𝐻12 − 1

− 0.489] 𝑡𝑎𝑛ℎ [
20

𝐻12 − 1

− 12.9] +
3.295

𝐻12 − 1
+ 0.440 

During the boundary layer development, the values of 

𝐻12 , and 𝑅𝛿2 are different at each point 𝑠. Thus, 𝑅𝛿20 is 

calculated at each point 𝑠 . The chord station at which 

𝑅𝛿2 = 𝑅𝛿20  is taken as the lower integration limit 𝑠0 . 

Therefore, at this point the computation of value of the 

amplification factor 𝑛(𝑠) starts. Drela added this equation 

to the system of equations that are solved by finite 
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difference in XFOIL. When integral boundary layer 

approach is adopted, like in this work, the amplification 

factor 𝑛(𝑠) is computed by integrating this equation with 

the boundary layer integral equations. 

The integration continues until the value of 𝑛(𝑠) equals 

the predefined value 𝑛𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 , at which transition from 

laminar to turbulent is assumed. A critical value of the 

disturbance amplification factor 𝑛𝑐𝑟 = 12, which is used 

to predict transition, is found to be satisfactory. 

2.2. Laminar separation bubble model 

 

When a laminar separation bubble is encountered during 

boundary layer development procedure a function is used 

to accumulate the increment in boundary layer 

momentum thickness 𝛿2 during each phase in the bubble 

structure. The model adopted in this work is developed by 

Dini [6] and [17], in which a weakly interacting laminar 

separation bubble in two-dimensional incompressible 

flow over airfoils is modeled. The main aim of the model 

is to compute the increased airfoil drag that result from 

bubble formation. 

The boundary layer momentum thickness at the trailing 

edge is used to calculate total drag using Squire-Young 

formula. Main boundary layer features are also 

calculated. These features are locations on airfoil surface 

where laminar separation, transition, reattachment, and 

finally turbulent separations occur. The results of the code 

are validated using comparison with experimental 

measurements from literature for E387 and S8036 airfoils 

and shown to be close to both experimental and XFOIL 

predictions at moderate angles of attack [13][14]. 

  
In this work, airfoil shape optimization process based 

on Genetic search algorithms GAs is used, that 
systematically changes the coefficients of a CST 
parametric airfoil representation function. The above-
mentioned aerodynamic code is then called to calculate the 
lift, drag and pitching moment coefficients for a given 
angle of attack and Reynolds number. The aerodynamic 
coefficients of each candidate airfoil is assessed by the 
objective function which is based on weighted sum 
method. A penalty function is used to enforce constraints 
if they are violated. are applied if the to the and constraint 
function.  

3. AIRFOIL PARAMETRIC REPRESENTATION 

Airfoil parametric representation is considered recently 

by many authors for use in numerical optimization and 

design. One main reason is that aerodynamic analysis 

codes ask for many airfoil coordinate points (about 100 

points or more). Using these coordinates as design 

variables results in non-smooth airfoils which is not 

aerodynamically acceptable and will also result in very 

long optimization time due to large number of design 

variables. By selecting proper airfoil parametric 

representation method this problem can be solved. 

 

In this study Class Shape function Transformation (CST) 

method is used. The airfoil geometry is represented by the 

product of class function and shape function plus a term 

that controls the trailing edge thickness. 

This method is developed my Brenda Kulfan in Boeing 

Commercial Airplanes, as illustrated in [18], and its 

characteristics has been thoroughly studied in many 

works as in [19][19]. In CST method an airfoil geometry 

is expressed by the mathematical expression: 

𝜉(𝜓) = √𝜓(1 − 𝜓) ∑ 𝐴𝑖𝜓
𝑖 + 𝜓𝜉𝑇

𝑁

𝑖=1

 (1) 

Where       𝜓 =
𝑥

𝑐
, 𝜉 =

𝑦

𝑐
∧ 𝜉𝑇 =

𝛥𝜉𝑇𝐸

𝑐
 

In this expression airfoil nose shape is governed by the 

term √𝜓  , while the term (1 − 𝜓)  controls the trailing 

edge angle and the last term 𝜓𝜉𝑇 represents the trailing 

edge thickness. The term ∑ 𝐴𝑖𝜓
𝑖𝑁

𝑖=1 shapes the rest of the 

airfoil surface. The equation can be rearranged to give the 

class function denoted by 𝑆(𝜓). 

𝑆(𝜓) =
𝜉(𝜓)−𝜓𝜉𝑇

√𝜓(1−𝜓)
  where 

𝑆(0) = √2
𝑟𝐿𝐸

𝐶
            𝑆(1) = 𝑡𝑎𝑛𝛽 +

∆𝑍𝑇𝐸

𝐶
 

 

The shape function can be formulated by using Bernstein 

polynomial in which first term represent leading edge 

radius and last term represent trailing edge angle and 

thickness. The rest of the terms cannot affect neither 

leading edge radius nor trailing edge properties, and thus 

called shaping terms. 

If Bernstein polynomial of order 𝑛 is used then the shape 

function takes the form 

𝑆𝑖(𝜓) = 𝐾𝑖𝜓
𝑖(1 − 𝜓)𝑛−𝑖       𝐾𝑖 = (

𝑛
𝑖

) =
𝑛!

𝑖!(𝑛−𝑖)!
 (2) 

Using this shape function the airfoil upper and lower 

surfaces can be expressed as 

𝜉𝑢𝑝 = √𝜓(1 − 𝜓) ∑ 𝐴𝑢𝑝𝑆𝑖(𝜓) + 𝜓𝛥𝜉𝑢𝑝

𝑁

𝑖=1

 

𝜉𝐿𝑂 = √𝜓(1 − 𝜓) ∑ 𝐴𝐿𝑂𝑆𝑖(𝜓) + 𝜓𝛥𝜉𝐿𝑂

𝑁

𝑖=1

 

(3) 

Where 𝛥𝜉𝑢𝑝 =
𝑌𝑢𝑇𝐸

𝐶
 and𝛥𝜉𝐿𝑂 =

𝑌𝐿𝑇𝐸

𝐶
are upper and lower 

trailing edge thicknesses respectively.  

The coefficients Aup and ALO can be found for different 

airfoil shapes. This formulation methodology is suitable 

for systematic design optimization approach.  

 

4. OBJECTIVE FUNCTION 

Since, aerodynamic requirements are conflicting in the 

sense that improving one coefficient will worsen another 

one. For example, increasing lift will result in increased 

drag and pitching moment. It is necessary, therefore, to 

put additional constraints. The most common type of is 

lift constrained drag minimization for which the 

aerodynamic objective function to minimize drag at fixed 

lift is given by a weighted sum of lift and drag terms as 
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 𝑓 = 𝑤𝑐𝑑𝑐𝑑 + 𝐾𝑐𝑙𝑤𝑐𝑙(𝑐𝑙𝑑 − 𝑐𝑙)           (4) 

Where, 𝑤𝑐𝑑 = 1 and 𝑤𝑐𝑙 = 0.1 . These two terms should 

have same order of magnitude.  

A simple penalty function is formulated in the code by 

specifying a factor 𝐾𝑐𝑙 = 10 whenever the absolute value 

of the difference in lift is greater than 0.05. If a multipoint 

optimization problem is analyzed the objective computed 

for each point and the problem is formulated as 

 𝑓𝑚𝑢𝑙𝑡𝑖𝑝𝑜𝑖𝑛𝑡 = ∑ 𝑤𝑖𝑓𝑖

𝑁

𝑖=1

        (5) 

Where N is the number of design points which can be the 

number of angles of attack or lift coefficients and 𝑤𝑖is a 

weighting coefficient specified by the user for each 

design point. 

5. OPTIMIZATION RESULTS 

The design method is based on specifying a single design 

point at design lift coefficient of 0.386, and the objective 

is to keep this lift coefficient fixed and to minimize drag 

coefficient. The design is performed for Reynolds number 

𝑅𝑒 = 3 × 105 at zero angle of attack α. The critical value 

of disturbance amplification 𝑛𝑐𝑟 = 12. CST method with 

4 coefficients on each airfoil side is used. That makes the 

number of design variables of 8. During the design 30 

airfoils are analyzed by GA method in each generation. 

 
Fig. 1. Airfoil Geometric constaraints 

 

The benchmark low Reynolds number airfoil E387 is 

used as initial starting airfoil. Geometric constraints for 

this airfoil are shown in Fig. 1. In this case a penalty 

function will enforce the design lift coefficient and the 

objective function will calculate minimum drag. The 

genetic search method will systematically change the 8 

design variables, and send each of them to the 

aerodynamic code for analysis. The final result will be the 

airfoil shape that has the design lift coefficient with 

minimum drag coefficient.  

The genetic optimization results are shown in Fig. 2. It 

can be noted from Subplot (a) that the best shape is 

reached after 10 generations which means about 300 

aerodynamic function calls. Subplot (b) show the values 

of each CST parameter for the best airfoil. And subplot 

(c) shows the value of the fitness function for each airfoil 

in the last generation, the largest value indicate that the 

corresponding airfoil has violated the constraints and a 

penalty is applied to the objective function.  

Comparison in geometry and resulting pressure 

distribution between initial and optimized airfoils is 

shown in Fig. 3. The airfoil shape has lowered upper 

surface which results in less severe bubble and thus less 

drag the lower surface is only slightly modified, as can be 

seen from comparisons of pressure distribution. The 

pressure distribution shows a distortion caused by the 

presence of the bubble at this Reynolds number and zero 

angle of attack. 

 
Fig. 2. Genetic optimization results. 

 

 
 

Fig. 3. Comparison of airfoil shapes and pressure distribution 

 

Figure 4 shows comparison of aerodynamic coefficients 

for optimized and initial airfoil. Drag polar curve show 

that the lift constraint is satisfied. The drag coefficient is 

minimized over the entire range compared with 
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experimental data [20, 21, 22] at the same angle of attack 

– not only about the design point.  

 
Fig. 4. Aerodynamic coefficients of optimized (solid lines) and initial 

airfoil (dotted ) and experimental data [22] (open circles) at given lift for 

zero angle of attack. 

 

These results show a considerable improvement in lift to 

drag ratio. The moment coefficient for optimum airfoil is 

not constrained, but it shows a lower value as compared 

with initial airfoil.  

 

6. CONCLUSION 

Direct airfoil aerodynamic optimization is applied to 

optimize an airfoil drag coefficient at fixed lift 

coefficient. The weighted sum approach is successfully 

utilized in this study where weighing coefficients are 

introduced to each term of the objective function. Penalty 

terms are added to the objective function to insure 

constraints satisfaction.  

Airfoil optimization using genetic search optimization 

function (GA) is successfully used to demonstrate 

representative case study using systematic airfoil shape 

modifications. Lift constrained drag minimization for 

which the aerodynamic objective function is formulated 

to minimize drag coefficient at fixed lift coefficient show 

that the lift coefficient has been successfully constrained 

resulting in less pitching moment change. Although, the 

design was performed at single angle of attack, it results 

in improvement in the entire drag polar. This indicates 

that this methodology is very efficient for airfoil design.  
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