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Abstract— Multiple input multiple output (MIMO) systems 

facilitate high data rate in wireless communications, and 

require reliable channel estimator to fully materialize their 

advantages. In this paper we study Linear Minimum Mean 

Square Error (LMMSE) channel estimator by using 

training symbol (Pilot), with V-Blast (Vertical-Bell 

Laboratory Layered Space Time) MIMO. We have used 

BPSK modulation scheme over AWGN environment. 

Indeed, our goal is to evaluate the sensitivity of such 

decoding techniques to imperfect channel estimation of the 

Channel State Information (CSI). The system reliability will 

be evaluated by using of bit error rate (BER) performance. 

The results of this study obviously show the critical 

importance of the accuracy of channel estimator at the 
receiver side.   

 
Index Terms— MIMO, Linear minimum mean square error 

(LMMSE) , channel estimation; pilot ,  BPSK. 

 

I. INTRODUCTION 

Recently in modern wireless communications technology 

Multiple Input Multiple output (MIMO) has been 

emerged as one of the most significant technical 
breakthroughs. In MIMO systems the transmitting end as 

well as the receiving end is equipped with multiple 

antennas as showed in      Fig 1. 

Fig 1: MIMO model with 𝑛𝑡  transmit antennas and 𝑛𝑟  receive 

antennas. 

 

The main idea of MIMO that to improve the quality (Bit 

Error Rate or BER) or the data rate (bits/sec) of the 

communication for each MIMO user by combining the 

data from the transmit (TX) antennas at one end and the 

receive (RX) antennas at the other end. As the future 

goals of wireless communication system are high data 

rate, high-performance and optimum utilization of the 
bandwidth, MIMO wireless systems help to achieve that 

goal. As shown in Fig. 1 we have 𝑛𝑡   transmitted 

antennas and 𝑛𝑟    receive antennas, combining all receive 

signals in a vector  𝑦, can be easily expressed in matrix 

form. Let  ℎ𝑗 ,𝑖   be a complex number corresponding to 

the channel gain between transmit antenna 𝑗 and receive 

antenna  𝑖 [1][2]. If at a certain time instant the complex 

signals {𝑥1, 𝑥2,· · · , 𝑥𝑛𝑡} are transmitted via 𝑛𝑡  transmit 

antennas, the received signal at antenna 𝑖 can be 

expressed as[1][2]: 

𝑦𝑖 =∑ℎ𝑖,𝑗𝑥𝑗 + 𝑍𝑖  

𝑛𝑡

𝑗=1

   𝑖 = 1,2,3……… 𝑛𝑟             (1) 

Where 𝑍𝑖 is a noise term. Combining all receives signals 

in a vector𝑌, this equation can be easily expressed in 

matrix form [1]: 

𝑌 = 𝐻𝑥 + 𝑍                                  (2) 

𝒀  is the 𝑛𝑟 × 1   receive symbol vector, 𝐻 is the 𝑛𝑟 ×
𝑛𝑡     MIMO channel transfer matrix, 𝑥 is the 𝑛𝑡 ×
1   transmit symbol vector and  𝑍 is the  𝑛𝑟 × 1   additive 

noise vector [2]. 

The system depends on the prior knowledge of Channel 

State Information (CSI) at the receiver side. To improve 

the performance of the MIMO system algorithm called 

vertical Bell laboratories layered space-time (V-BLAST) 
algorithm has been introduced. VBLAST system detector 

helps to achieve higher diversity gains and improves bit 

error-rate (BER) performance [1]. 
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Channel estimation means to estimate channel parameters 

from the received signal. Pilot symbols that are known to 

receiver are being used to estimate the channel 

parameters [3][4]. The channel has been estimated 

separately for each packet for packet transmission. Pilot 

symbols are needed to be inserted into every data packet. 

At present the channel estimation techniques on the 

MIMO wireless communication system can be roughly 

classified into the following categories: the Least Squares 

algorithm (LS), the Linear Least Mean-Square Error 

method (LMMSE), Maximum Likelihood method (ML) 
and all kinds of blind (completely blind or half blind) 

estimation methods [3][4][5]. 

This paper is organized as follows. Section 2 describes 

the MIMO channel estimator algorithm and Spatial 

Multiplexing is covered in Section 3. Section 4 shows the 

system model, Synthesis results are presented in Section 

5, and finally paper is concluded in Section 6. 

II. MIMO CHANNEL ESTIMATOR 

In general, there are two types of MIMO channel 

estimation methods:  

a) Trainingbased, methods which uses known training 

symbols. 

b) Blind-based methods that performs Channel Estimator 

(CE) [4]. 

 In training-based CE, known training symbols are 

transmitted at certain arranged times and frequencies that 

are known by the receiver. Since the receiver knows the 

training symbols, as well as when and where they are 

transmitted, it uses that information to estimate the 

channel. Although blind-based methods have higher 

bandwidth efficiencies because they do not use any 

resources for transmitting training symbols, they tend to 
have lower speed and poorer performance than training-

based methods. For this reason, training-based CE is used 

more than blind-estimation, and it is the method we focus 

on in this paper. We are considering the allocation of 

training symbols in narrowband conditions. Figure 2 

shows a generic depiction of how training symbols 

(indicated by the shaded squares) might be allocated in a 

narrowband MIMO system. The figure assumes that the 

system is packet-based, where each packet has a 

preamble followed by data. In the preamble, each of the 

transmit antennas transmits  𝑁𝑝 pilot symbols, which are 

used by the receiver to estimate the channel matrix at the 

beginning of the packet. If the packet length is shorter 

than the coherence time, quasi-static fading occurs, and 

the receiver could use the estimate of the channel it 

computes during the preamble for the entire packet. If the 

packet is longer than the coherence time, it is necessary 

for the system to update the initial channel estimate at 

least once during each coherence time period in the body 

of the packet. One approach would be to transmit a block 

of 𝑁𝑝  training symbols every channel coherence time 

(𝑇𝑐𝑜ℎ) second as shown in Figure 2 [4][5].  

A. Narrowband MIMO Channel Estimation 

There are several ways of estimating a MIMO channel 

matrix when operating in a quasi-static flat fading 

environment. The techniques are [4][6]: 

1. Maximum Likelihood (ML) channel estimation; 

2. Least Squares (LS) channel estimation; and 

3. Linear Minimum Mean Square Error (LMMSE) 

channels estimation. 

 

Fig 2: An example training symbol allocation for narrowband (i.e., flat 
fading) environments. 

The technique we conceder in this paper is LMMSE 

channel estimation. We assume that each of the transmit 

antennas in a MIMO system transmits a sequence of 𝑝 

training symbols like the preamble portion shown in Fig 

2. Under the quasi-static fading assumption, the channel 

is assumed to be fixed over the period of 𝑝 modulation 

symbols.  The resulting 𝑛𝑡 × 𝑝  transmitted pilot matrix, 

which is denoted by   𝑆𝑝, and the resulting 𝑛𝑟 × 𝑝  receive 

matrix,   𝑝  are given by [4][7][8]: 

 𝑝 = 𝐻𝑆𝑝 + 𝑍                                    (3) 

Where, H is a 𝑛𝑟 × 𝑛  channel matrix, and Z is the 𝑛𝑟 ×
𝑝 received noise matrix.  

 

B.  Linear Minimum Mean Square Error (LMMSE) 

channel estimator 

The LMMSE channel estimator is the channel matrix that 

minimizes the mean square error between the true 

channel and the estimate of the channel, 𝐻 ̂, which is 
assumed, in the case of LMMSE, to be a linear 

superposition of the received signals. We express this 

assumption mathematically as follows[4]: 

ℎ̂𝑖𝑗 =∑𝑟𝑖(𝑘)𝑤𝑘𝑗

𝑝

𝑘=1

                               (4) 

where ℎ̂𝑖𝑗  denotes the (i, j)th element of  �̂�, 𝑟𝑖(𝑘) is the 

(i, k)th element of the receive matrix,  𝑝, and the 𝑤𝑘𝑗 

values are complex weights chosen to minimize the mean 
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square error between the true value of H and the estimate. 

The relationship can be expressed in the following matrix 

format: 

�̂� =  𝑝𝑊                                             (5) 

Where the (k, j)th element of  𝑊 is 𝑤𝑘𝑗 .The LMMSE 

estimate of H is, therefore, expressed as: 

 �̂�𝐿𝑀𝑀𝑆𝐸 ≜ argmin
{�̂�}

  𝔼{||𝐻 − �̂�||𝐹
2} 

Where  ||. ||𝐹
2  is the Frobenius norm. 

   �̂�𝐿𝑀𝑀𝑆𝐸 = argmin
{𝑊}

𝔼{||𝐻 −  𝑝𝑊||
𝐹

2

}                                

 = argmin
{𝑊}

  𝔼{𝑇𝑟[(𝐻 − 𝐻𝑆𝑝𝑊 −𝑍𝑊)𝐻(𝐻 −𝐻𝑆𝑝𝑊

−𝑍𝑊)]} 

= argmin
{𝑊}

  Tr[𝔼{[(𝐻 − 𝐻𝑆𝑝𝑊− 𝑍𝑊)𝐻(𝐻 − 𝐻𝑆𝑝𝑊

−𝑍𝑊)]}] 

Where  𝑇𝑟[ . ]  denotes to trace of a matrix. 

If we assume that 𝑍 consist of independent, complex 

Gaussian components with zero mean and variance 𝜎𝑍
2. 

The elements of the channel matrix (𝐻), ℎ𝑗 𝑖 independent 

, zero mean , complex Gaussian random variables 

(Rayleigh fading), then 𝔼{HHH} = 𝑁𝑟𝐼𝑁𝑡  and  𝐸{ZHZ} =

𝑁𝑟𝜎𝑍
2𝐼𝑝 . Using these relationships, we get:  

          �̂�𝐿𝑀𝑀𝑆𝐸 = argmin
{𝑊}

  Tr[𝑁𝑟𝐼𝑁𝑡 − 𝑁𝑟𝑆𝑝𝑊

−𝑁𝑟𝑊
𝐻𝑆𝑝

𝐻 +𝑁𝑟𝑊
𝐻𝑆𝑝

𝐻𝑆𝑝𝑊

+𝑁𝑟𝜎𝑍
2𝑊𝐻𝑊] 

If we now let 

     𝐶 ≜ Tr[𝑁𝑟𝐼𝑁𝑡 − 𝑁𝑟𝑆𝑝𝑊−𝑁𝑟𝑊
𝐻𝑆𝑝

𝐻 + 𝑁𝑟𝑊
𝐻𝑆𝑝

𝐻𝑆𝑝𝑊

+𝑁𝑟𝜎𝑍
2𝑊𝐻𝑊]                                      (6) 

Then we find  
𝜕𝐶

𝜕𝑊
 : 

𝜕𝐶

𝜕𝑊
= − 𝑁𝑟𝑆𝑝 +𝑁𝑟(𝑊

𝐻𝑆𝑝
𝐻𝑆𝑝)

𝑇

+𝑁𝑟𝜎𝑍
2(𝑊𝐻)𝑇                                       (7) 

For the optimization values of  𝑊 , we let 
𝜕𝐶

𝜕𝑊
= 0    and 

solving for   𝑊, which we denote by  𝑊0 , yields. 

𝑊0 = (𝜎𝑍
2𝐼𝑝 + 𝑆𝑝

𝐻𝑆𝑝)
−1
𝑆𝑝
𝐻 

 Since   �̂�𝐿𝑀𝑀𝑆𝐸 =  𝑝𝑊0   we conclude that:  

�̂�𝐿𝑀𝑀𝑆𝐸 =  𝑝(𝜎𝑍
2𝐼𝑝 + 𝑆𝑝

𝐻𝑆𝑝)
−1
𝑆𝑝
𝐻                                     (8) 

 

C.  Choosing pilot signals 

As the channel matrix have been expressed in a flat 

fading environment in terms of a known pilot matrix,  𝑆𝑝 

, the received signal matrix,  𝑝 , and the signal-to-noise 

ratio. In general, 𝑆𝑝should have the following two 

properties [4][8][9]: 

a)     𝑝 ≥  𝑛𝑡 

b)     𝑆𝑝𝑆𝑝
𝐻 =

𝑝

𝑁𝑡
𝐼𝑁𝑡  

In order to make it possible to compute(𝑆𝑝𝑆𝑝
𝐻)−1, 

property (a) is required for the ML and LS channel 

estimation methods. In the second property, the 

transmitted power from each transmit antenna during the 

pilot portion of the packet should be  
1

𝑁𝑡
 , that to make the 

rows of 𝑆𝑝  orthogonal [4][8].   

 

III. Spatial Multiplexing 

Spatial multiplexing (SM) refers to transmitting multiple 

data streams over a multipath channel by exploiting 

multipath. By so doing, multiple data channels are able to 
be transmitted simultaneously over the same frequency 

band, enabling potentially large numbers of bits per 

second to be transmitted per Hertz of spectrum.  The type 

of decoding algorithm that is used is an important 

consideration for Layered Space Time (LST) [4] coded 

SM systems. Four decoding schemes have been analyzed 

extensively in MIMO: 

1. Zero Forcing (ZF). 

2. Zero Forcing with Interference Cancellation (ZF-IC). 

3. Minimum Mean Square Error (MMSE). 

4. MMSE with Interference Cancellation (MMSE-IC). 

In this paper we will focus on ZF and MMSE. 

 

A.  Zero Forcing (ZF) 

ZF is a simple linear detection technique equalization that 
involves inverse of the frequency response of a particular 

channel. ZF is the one of the best linear receiver detection 

method having low computational complexity, but it 

suffers from sudden noise enhancement. At high SNR, it 

gives optimum result. The estimated received signal 𝑥  

can be determined as following [9][10]:  

𝑥 = 𝑊𝑍𝐹𝑌                                                  (9)   
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𝑊𝑍𝐹 = ((�̂�𝐿𝑀𝑀𝑆𝐸)
𝐻(�̂�𝐿𝑀𝑀𝑆𝐸))

−1

�̂�𝐿𝑀𝑀𝑆𝐸                  (10) 

Where 𝑊𝑍𝐹 is known as the ZF pseudo-inverse for a 

general 𝑚 × 𝑛 matrix and (. )−1indicates simple matrix 

inversion.  

B.  Minimum Mean Square Error (MMSE). 

MMSE receiver holds back both interference as well as 

noise components, but as far as the ZF receiver is 

concern, it only eliminates the interference or the noise. 

To overcome the drawback of noise enhancement of ZF, 
the concept of MMSE is introduced. So, we can say that, 

MMSE is pretentious to ZF in the presence of noise and 

interference. The LMMSE for the MIMO System is 

[11][12]: 

𝑥 = 𝑊𝑀𝑀𝑆𝐸𝑌                                      (11)  

𝑊𝑀𝑀𝑆𝐸 = ((�̂�𝐿𝑀𝑀𝑆𝐸)
𝐻(�̂�𝐿𝑀𝑀𝑆𝐸)

+
𝑛𝑡
𝜌
𝐼𝑛𝑡)

−1

(�̂�𝐿𝑀𝑀𝑆𝐸)
𝐻                      (12) 

Where 𝜌 is Signal to Noise Ratio (SNR).  

  

IV.  SYSTEM MODEL 

The V-BLAST MIMO system model is as shown in Fig 

3. The transmitters and receivers are assumed to be BPSK 

modulators\demodulators and the channel is assumed to 

be AWGN. The binary information is first grouped, 

coded, and mapped according to the BPSK modulation 
and the pilot has been inserted at the transmitter side. The 

channel is modeled as flat fading channel and the 

complex additive white Gaussian noise (AWGN) has 

been added. At the receiver side we can estimate the 

channel characteristic by using LMMSE channel 

estimator as derived by equation 8. The ZF and MMSE 

decoding methods have been implemented in our model, 

as showed by equation 9, 11.   

.
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Fig 3: System model 

 

V.  Results and Discussion 

The modulation scheme used is Binary Phase Shift 

Keying (BPSK). We have performed these simulations 

using MATLAB. The Bit Error Rate (BER) is the 

parameter which has been used to analyze the 

performance of the system. The simulation results 

obtained by plotting the BER against the Signal to Noise 
Ratio (SNR) [11][13]. 

 

Fig. 4  ZF detector using  𝑛𝑡 = 2 , 𝑛𝑟 = 2 

 

Fig. 5  MMSE detector using  𝑛𝑡 = 2 , 𝑛𝑟 = 2 
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Fig. 6  ZF detector using  𝑛𝑡 = 2 , 𝑛𝑟 = 4 

     
Fig. 7  MMSE detector using  𝑛𝑡 = 2 , 𝑛𝑟 = 4 

 

Fig. 4, 5 shows the simulation results for both the linear 

detectors ZF, and MMSE, for different values of training 

symbols  𝑝, in the case of  𝑛𝑡 = 2 , 𝑛𝑟 = 2. The 

simulation was implemented compared to the perfect 

channel estimation. Obviously the MMSE gives better 
results than ZF for low SNR.  The system performance 

increases as the number of training pilot signals increases 

from 2 to 4.  

Fig. 6, 7. Shows the performance results of the system in 

the case of  𝑛𝑡 = 2 , 𝑛𝑟 = 4. In this case, we can see 

bigger difference between the perfect estimation and 

LMMSE estimator for different number of pilot signals 
2,4 and 8, compared to the LMMSE performance when 

𝑛𝑟 = 2, as shown in fig. 4,5.  It can be concluded that by 

increasing the number of receiving antennas the 

performance of the LMMSE channel estimator become 

worst.  

VI. Conclusion: 

In this paper, we studied the performance of Linear 

Minimum Mean Square Error (LMMSE) channel 

estimator by using training symbol (Pilot) with V-Blast 

MIMO. BPSK modulation scheme over AWGN 

environment has been used in this research.  Results of 

BER vs SNR are showed in figures to compare LMMSE 

estimator for different values of 𝑝 and different decoding 

techniques. The results show that the performance of the 

channel estimate improves as the value of 𝑝 increases. 

Increasing the number of receiving antennas showed 

degradation in the system performance. Generally, 

increasing the number of training signal 𝑝 will increase 
the system overhead.  
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